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We develop a nonlinear theory for self-modulation of a circularly polarized electromagnetic wave in a relativistic
hot weakly magnetized electron-positron plasma. The case of parallel propagation along an ambient magnetic
field is considered. A nonlinear Schrödinger equation is derived for the complex wave amplitude of a self-
modulated wave packet. We show that the maximum growth rate of the modulational instability decreases as the
temperature of the pair plasma increases. Depending on the initial conditions, the unstable wave envelope can
evolve nonlinearly to either periodic wave trains or solitary waves. This theory has application to high-energy
astrophysics and high-power laser physics.
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I. INTRODUCTION

Relativistic electron-positron plasmas are of great inter-
est in the study of high-energy astrophysical phenomena
and future high-intensity laser experiments in laboratory. In
astrophysics, it has been suggested that electron-positron
plasmas can be found in pulsar magnetospheres [1], mag-
netars [2], accretion disks [3], the early universe [4], and
supernovae [5], just to cite some examples. Observational
evidence of astrophysical electron-positron plasmas has been
obtained in the Cygnus-X1 x-ray binary system, the jet in the
M-87 giant elliptical galaxy, and other x-ray sources in the
Galactic Center [6–8]. Laboratory experiments capable of
producing high-temperature electron-positron plasmas have
not been performed so far. However, such experiments may
be achievable using high-power ultrashort laser pulses in the
future [9–11].

Relativistic nonlinear circularly polarized electromagnetic
waves in a cold plasma were treated by Lünow [12], Clemmow
[13], Kennel and Pellat [14], Chian and Miranda [15], and
Chian [16] by seeking the exact traveling-wave solution of the
governing equations. This problem was applied to a relativistic

*faz@physics.utexas.edu; this work was partially done at the
Departamento de Ciencias, Facultad de Artes Liberales, Universidad
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hot magnetized electron-positron plasma by Chian [17] and
Asenjo et al. [18] using two different formalisms, but the same
nonlinear dispersion relation was obtained.

The nonlinear phenomena in unmagnetized relativistic
plasmas, such as solitons, have been studied previously in
several times for different plasma species and for different
field configurations using fluid models (for example, see
Refs. [19–24] and references therein). The contribution of this
paper is to study the self-modulation of a nonlinear circularly
polarized electromagnetic wave in an electron-positron plasma
with fully relativistic temperatures in a weakly magnetized
regime. The self-modulation of a relativistic nonlinear cir-
cularly (and linearly) polarized electromagnetic wave in an
electron-positron plasma was first investigated by Chian and
Kennel [1] in the cold unmagnetized case. A large number
of papers have improved the original model by Chian and
Kennel [1]. For example, the existence of Alfvén vortices in
the presence of a strong magnetic field was demonstrated by Yu
et al. [25]; the influence of a strong magnetic field and ions was
analyzed by Rizzato et al. [26]; and the effects of relativistic
temperatures and phonon damping were considered by Gratton
et al. [27].

The paper is structured as follows. First, in Sec. II, the fluid
model for a relativistic plasma with a finite temperature is
presented. Then, in Sec. III, the dispersion relation of a cir-
cularly polarized electromagnetic wave propagating along the
background magnetic field in a relativistic electron-positron
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plasma is discussed. Next, in Sec. IV, a nonlinear Schrödinger
equation for the complex wave amplitude is derived in the
weakly magnetized and small-amplitude regime. In Sec. V,
the modulational instability of the wave is studied. Finally, in
Sec. VI, the results are summarized.

II. RELATIVISTIC PLASMAS WITH
A FINITE TEMPERATURE

It is possible to formulate a theory for hot relativistic
plasmas in a covariant form [28] where the fluid and the
electromagnetic fields are unified into a single field. Here
we will consider only the spatial part of those equations.
Within this context the plasma dynamics is given by Maxwell’s
equations, the continuity equation

∂

∂t
(njγj ) + �∇ · (njγj �vj ) = 0 (1)

and the evolution equation for each fluid [18,28](
∂

∂t
+ �vj · �∇

)
(fjγj �vj ) = qj

m

(
�E + �vj

c
×�B

)
− 1

njmγj

�∇pj ,

(2)

where �vj ,γj , qj , pj , and nj are the velocity, relativistic Lorentz
factor, charge, pressure, and rest-frame number density of each
fluid, respectively; m is the electron mass, c is the speed of
light, and �E and �B are the electric and magnetic fields. The
fj ≡ f (Tj ) function is related to the temperature Tj in the
form f (Tj ) = K3(mc2/kBTj )/K2(mc2/kBTj ), where K3(x)
and K2(x) are modified Bessel functions of order 3 and 2,
respectively [28], and kB is the Boltzmann constant. We use
the subindex j = e for the electron fluid and j = p for the
positron fluid.

In order to close the system of Eqs. (1) and (2) we consider
the equation of state pj = njkBTj for an ideal gas.

We will write qj = −ηje, where e is the positron charge,
and ηe = 1 and ηp = −1. Also, the electromagnetic fields
can be written in terms of the scalar potential φ and the vector
potential �A, as �E = −�∇φ − ∂t

�A/c and �B = �∇ × �A. The
evolution of the electromagnetic four-vector potential Aμ →
(φ, �A) can be obtained from the covariant wave equation
∂ν∂

νAμ = 4π/cJμ, where Jμ = enpU
μ
p − eneU

μ
e is the four

current, and U
μ

j → (cγj ,γj �vj ) is the four-velocity of each
species. Hence, the spatial part of the covariant wave equation
for the potential Aμ can be written as

∂2 �A
∂t2

− c2∇2 �A = 4πec(npγp �vp − neγe�ve). (3)

III. CIRCULARLY POLARIZED
ELECTROMAGNETIC WAVE

It is well known that a circularly polarized electromagnetic
wave, propagating along an ambient uniform magnetic field,
is an exact solution of the classical and relativistic cold plasma
fluid equations [12–16]. For relativistic hot plasmas, it has been
shown [17,18] that this is also an exact solution for constant,
relativistic temperatures. In this case the thermal effects are
introduced via the enthalpy-like quantity f (Tj ).

Indeed, following Ref. [18] we assume that all variables
have a (kz − ωt) time and space dependence, so that a trans-

verse circularly polarized electromagnetic wave of arbitrary
amplitude

�A = a0[cos(kz − ωt)x̂ + sin(kz − ωt)ŷ] (4)

can propagate in this relativistic electron-positron plasma
along the ambient uniform magnetic field B0ẑ. Here ω is the
frequency and k is the wave number. For an electron-positron
plasma, this purely transverse wave is an exact solution of the
plasma equations of Sec. II. It has purely transverse circularly
polarized fluid velocities associated with it (with vz,j = 0), so
that for each fluid we have [18]

�vj = ηj

e �A
mc

(
ω

fjγjω + ηj	c

)
, (5)

where 	c = eB0/(mc) is the cyclotron frequency.
For this transverse mode, the continuity equation (with

�∇ · �vj = 0) requires that the laboratory frame densities γjnj

be constant. Since the amplitude of the circularly polarized
velocity is proportional to the constant amplitude of the
circularly polarized vector potential field, the relativistic
Lorentz factor

γj =
(

1 − |�vj |2
c2

)−1/2

(6)

is constant as well [18]. Therefore, the rest-frame densities nj

will be constant.
We take the quasineutral approximation where we have that

the densities in the laboratory frame are equal, γene = γpnp

[24]. Thus, �∇ · �E = 0 and there is no longitudinal electric field
accordingly with (4). This is consistent with vz,j = 0 and with
�∇pj = 0, such as that Tj and fj are constant by the equation
of state.

Introduction of Eq. (5) in Maxwell’s equations yields the
dispersion relation for a circularly polarized wave [17,18]

ω2 − c2k2

ω
= γe ω2

pe

feγeω + 	c

+ γp ω2
pp

fpγpω − 	c

, (7)

where ωpe = (4πe2ne/m)1/2 and ωpp = (4πe2np/m)1/2 are
the electron and positron plasma frequencies in their rest
frames, respectively.

IV. NONLINEAR SCHRÖDINGER EQUATION
FOR WAVE AMPLITUDE

This fully nonlinear solution is obtained by solving the
system of Eqs. (5)–(7). Notice that the solution depends on
the amplitude of the electromagnetic wave through the vector
potential.

In this paper we seek a solution in the weakly magnetized
relativistic plasma limit (ω � 	c). It turns out that we are
able to find a nonlinear Schrödinger equation for the wave
amplitude, with thermal effects introduced through the fj

factor, thus improving on the previous results [1].
Noting that fj � 1 always, the weakly magnetized limit is

obtained when fjω � 	c. We use this limit in the denominator
of the expressions for the fluid velocities [Eq. (5)], and then
replace them in each relativistic Lorentz factor [Eq. (6)].
Hence, at the order 	2

c/ω
2, we obtain the equation for the
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relativistic Lorentz factors

γ 4
j −

(
1 + λA2

f 2
j

)
γ 2

j + ηj

2	cλA2

ωf 3
j

γj − 3	2
cλA2

f 4
j ω2

= 0, (8)

where λ = e2/(m2c4) and A2 = �A · �A. In this limit it is possible to find approximate solutions for the Lorentz factors of each
fluid, at the order 	2

c/ω
2:

fjγj = (
f 2

j + λA2
)1/2 − ηj

	cλA2

ω
(
f 2

j + λA2
) + 3λA2f 2	2

c

2ω2
(
f 2

j + λA2
)5/2

. (9)

The same results can be obtained by expanding γj in the form γj = gj0 + gj1(	c/ω) + gj2(	c/ω)2, and using this in Eqs. (5)
and (6) to find the coefficients gjn. From (9), we notice that the Lorentz factors are different for the two species. This is because
we are considering the weakly magnetized plasma limit where the symmetry between electrons and positrons with respect to the
background magnetic field is broken. Thereby, because of that the quasineutral approximation holds, and the rest-frame densities
of electrons and positrons are not equal.

We now need a closed expression for the velocities to insert in the right-hand side of Eq. (3). Using the relativistic factors of
Eq. (9) in Eq. (5), the velocities are given, up to order 	2

c/ω
2, by

γj �vj = ηj

e �A
mcfj

[
1 − ηj

	c

ω
(
f 2

j + λA2
)1/2 + 	2

cf
2
j

ω2
(
f 2

j + λA2
)2

]
. (10)

We treat the plasma as being in thermal equilibrium, fe = fp = f , so that we can write Eq. (3) as

∂2 �A
∂t2

− c2 ∂2 �A
∂z2

+ 2ω2
p

�A
f

[
1 + 	c

ω(f 2 + λA2)1/2
� + 	2

cf
2

ω2(f 2 + λA2)2

]
= 0, (11)

where 2ω2
p ≡ ω2

pp + ω2
pe. This equation represents the non-

linear propagation of the circularly polarized electromagnetic
wave packet. The factor � = (ω2

pp − ω2
pe)/(2ω2

p) is a mea-
sure of the difference of the plasma frequencies in their
respective rest frames. It is not null because the rest-frame
densities are not equal. It can be calculated at first order
in 	c/ω using the neutrality condition γene = γpnp and
Eq. (9). With this condition it is straightforward to obtain
� = −(λA2	c/ω)/(f 2 + λA2)3/2.

The nonlinear effects introduced by the relativistic Lorentz
factors are present in the denominator f 2 + λA2, which is
a relativistic invariant. The function f 2 is a scalar because
we define the temperature in the rest frame of the fluid. To
define a circularly polarized electromagnetic wave we need
a vector potential such that �∇ · �A = 0, which in the Lorentz
gauge implies that ∂tφ = 0. This allows us to choose φ = 0,
so that A2 is also an invariant. Thus, all the terms in the square
brackets in (11) are relativistic invariants.

In order to study the modulational instability, we now
introduce a space-dependent complex modulational represen-
tation for the circularly polarized electromagnetic wave given
by [1]

�A = 1
2 [a(z,t)e−iωt + c.c.]. (12)

Then from Eq. (11) it is possible to find an equation for a(z,t).
Taking the limit of a slowly time-varying modulation ∂2

t a �
ω2a, we have

i
∂a

∂t
+ c2

2ω

∂2a

∂z2
+

{
ω

2
− ω2

p

ωf

[
1 + 	2

c(f 2 − λ|a|2)

ω2(f 2 + λ|a|2)2

]}
a = 0.

(13)

Equation (13) is for arbitrary wave amplitudes, and it admits
stationary solutions. However, following Ref. [1], we treat the
small-amplitude limit as an illustration. In this limit f 2 �
λ|a|2, and Eq. (13) yields

i
∂a

∂t
+ P (ω)

∂2a

∂z2
+ R(ω,|a0|2)a + Q(ω)(|a|2 − |a0|2)a = 0,

(14)

where

P (ω) = c2

2ω
, (15)

R(ω,|a0|2) = ω

2
− ω2

p

ωf
− ω2

p	2
c

ω3f 3
+ Q(ω)|a0|2, (16)

and

Q(ω) = 3λω2
p	2

c

ω3f 5
. (17)

Note that we have added and subtracted a term proportional
to the amplitude of the uniform circularly polarized wave |a0|2,
to make sure that when a(z,t) = a0e

ikz we obtain the nonlinear
dispersion relation of the uniform circularly polarized wave
described in Sec. III, in the limits a0 is constant, ω � 	c,
and f 2 � λ|a0|2. This guarantees that we have the proper
boundary condition of finite amplitude in the limit z − V t →
±∞, where V is the effective velocity of the wave packet.
It is interesting to note that the same result can be obtained
by expanding the wave equation in powers of ∂/∂t , ∂/∂z and
(|a|2 − |a0|2) [29].
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The dispersion relation (7) can be solved for the frequency
as

2x2 = y2 + 2

f
+

[(
y2 + 2

f

)2

+ 8α

f 5
(f 2 − 3|a0|2λ)

]1/2

,

(18)

representing the electromagnetic branch [18], where α =
	2

c/ω
2
p, x = ω/ωp, and y = ck/ωp. We note that this solution

corresponds to a weakly magnetized electromagnetic wave
that becomes the light wave (ω/k = c) in the limit k → ∞ as
shown in Ref. [18]. The nonlinear propagation of a circularly
polarized electromagnetic wave packet for the Alfvén branch
solution will be discussed elsewhere.

Equation (14) can be explicitly written as a nonlinear
Schrödinger equation by changing a → a exp(iR(ω,|a0|2)t):

i
∂a

∂t
+ P (ω)

∂2a

∂z2
+ Q(ω)(|a|2 − |a0|2)a = 0. (19)

It is possible to construct solutions with other boundary
conditions, for example, by letting |a0| → 0. We will see below
another way that this can be accomplished.

In the above equation, the corrections for a relativistically
thermal and weakly magnetized pair plasma are in the Q(ω)
term and in ω through the dispersion relation Eq. (7). The P (ω)
term has the same form as in the cold case. The temperature
dependence on Q is through the function f in the denominator.
In the low-temperature limit kBT � mc2, the function can
be approximated by f ≈ 1 + 5kBT /2mc2, and the thermal
correction is small. As the temperature T increases, kBT �
mc2 and f ≈ 4kBT /mc2, and therefore Q rapidly decreases as
T −5. In a nonmagnetized plasma, Q = 0, and the nonlinearity
of the equation vanishes in this formulation. It occurs because
we are using the covariant Maxwell equation [Eq. (3)]. In the
case of a nonmagnetized plasma, this wave equation is linear
for �A because γ �v is proportional to �A [see Eq. (10)].

V. MODULATIONAL INSTABILITY

Based on the nonlinear Schrödinger equation (19), we
can study the stability conditions for the electromagnetic
wave under a low-frequency modulation. The modulational
instability can be excited when the group dispersion P (ω)
and the nonlinear frequency shift Q(ω) [Eqs. (15) and (17),
respectively] have the same sign [30]. In our case this condition
is fulfilled.

We now consider a modulated wave packet which satisfies
Eq. (19). The modulation may be expressed in terms of a slow
space-time variation close to the average finite value a0 as
z − V t → ±∞, where V is the effective group velocity of
the wave packet [29]. This is the reason for keeping the term
proportional to |a0|2 in Eq. (19).

Notice that the above coefficients P (ω) and Q(ω) could
be determined from the nonlinear dispersion relation in the
weakly magnetized limit [see Eq. (18)], through the relations
P = (1/2)∂2ω/∂k2 and Q = −∂ω/∂a2

0 [1,29].
To study the stability of the modulation, we decompose a

as a = √
ρ(z,t) exp[iσ (z,t)] [1]. Replacing this expression in

1 2 3 4
y

0.5

1.0

1.5

2.0

2.5

3.0

3.5
nor

FIG. 1. Normalized maximum growth rate given by Eq. (24), in
terms of y = ck/ωp . We use α = 0.01. Full line: cold case (T = 0);
dashed line: T = 0.09 keV; dotted line: T = 0.18 MeV.

(19), we obtain two equations for ρ and σ :

∂ρ

∂t
+ 2P

∂

∂z

(
ρ

∂σ

∂z

)
= 0, (20)

∂σ

∂t
+ P

[
1

4ρ2

(
∂ρ

∂z

)2

− 1

2ρ

∂2ρ

∂z2
+

(
∂σ

∂z

)2]
= Q(ρ − ρ0),

(21)

where

ρ0 = |a0|2 . (22)

To solve these equations we linearize with respect to the
uniform solution,

ρ = ρ0 + ρ1e
ikLz−iωLt ,

σ = σ1e
ikLz−iωLt ,

where ρ1 and σ1 are first-order quantities, so that ρ1 � ρ0 and
σ1 � σ0. In this way we obtain the dispersion relation for the
low-frequency modulation

ω2
L = P 2k4

L − 2PQρ0k
2
L. (23)

It is clear from Eq. (23) that the modulational instability
has a threshold given by ρ0 > Pk2

L/2Q, and therefore, the
maximum growth rate is � = Qρ0. The maximum growth
rate and the instability depend on the temperature and on the
background magnetic field. As the temperature T increases so
that f ≈ 4kBT /mc2, the maximum growth rate decreases as
T −5. Thus, for a very high-temperature plasma, the maximum
growth rate and the nonlinearities rapidly vanish. To show this
behavior, we plot in Fig. 1 a normalized maximum growth rate

�nor = �

3λωpρ0
= α

f 5x3
, (24)

where for a given normalized wave number y = ck/ωp and
temperature (as given by the value of f ), x can be calculated
from the dispersion relation. In our case we will use Eq. (18).

In Fig. 1 we plot �nor as a function of normalized
wavelength, for three different temperatures: a cold plasma
(full line), T = 0.09 keV (dashed line), and T = 0.18 MeV
(dotted line) in the f 2 � λ|a0|2 limit. We can see that the
growth rate vanishes as the temperature increases.
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b

0.0
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10

1
0
1

τ τ

FIG. 2. (Color online) Solutions of Eq. (26) as a function of −10 � ξ � 10 and 0 � τ � 1. (a) Solutions for �(0) = 1 and � ′(0) = 0.
The constant solution is for τ = 0, whereas a solitary wave solution exists for τ = 1. For values 0 < τ < 1 we find periodic wave trains.
(b) Solutions for �(0) = 1 and � ′(0) = 0.5. For these values there are only periodic wave trains whose amplitude becomes bigger as the value
of τ increases.

When the modulation grows, the instability evolves into a
nonlinear stationary state balancing the dispersion with the
nonlinearity. To study these nonlinear states, we focus on
Eq. (19) for a(z,t). We define the normalized variable

a(z,t)

a0
= �(ξ )eiη, (25)

in terms of the new variable �, which depends on ξ =
(Qa2

0/2P )1/2χ , where χ = z − V t and

η = V

2P
z −

(
V 2

4P
+ Qa2

0

2
τ 2

)
t,

with τ a parameter which can be determined later. With (25),
Eq. (19) becomes

d2�

dξ 2
= (2 − τ 2)� − 2�3. (26)

The solutions of (26) depend on the values of �(0) and � ′(0)
and can be written in terms of Jacobi elliptic functions where
τ is the elliptic modulus [31]. In Fig. 2 we plot numerical
solutions of Eq. (26), where we observe wave trains and
localized solitons depending on the initial conditions and on
the value of τ .

By varying the initial conditions, the solution can go from
periodic wave trains to localized solitons for the different
values of τ . In particular, when τ = 1 and � ′(0) = 0, we
obtain a localized solitary wave solution � = sech(ξ ) [31],
so that the solution of Eq. (25) for a is

a(z,t) = a0 sech

(√
Qa2

0

2P
χ

)
eiη, (27)

and therefore

ρ = a(z,t)a∗(z,t) = ρ0 sech2

[(
Qρ0

2P

)1/2

χ

]

= ρ0 sech2

[(
3λρ0

f 5

)1/2
	c

xc
χ

]
. (28)

The solution (28) is an envelope soliton because the
envelope of the wave packet has the form of a solitary wave.

The soliton depends on the temperature (through f ), the
magnetic field (through 	c), and the normalized frequency
x [given by Eq. (18)]. As in the case of the maximum growth
rate, the nonlinear corrections vanish at large temperatures
[see Eq. (17)]. In effect, the nonlinear solution (28) has a
larger width as T increases, becoming ρ = ρ0 for T → ∞,
and thus there is no solitary wave in this limit. Likewise, if
there is no background magnetic field (	c → 0), there is no
soliton solution.

In Fig. 3 we plot the soliton solution (28) ρ =
ρ0 sech2(

√
α/f 5ξn/x) in terms of ξn = √

3λρ0ωpχ/c and kBT

[Fig. 3(a)], and in terms of ξn and y [Fig. 3(b)]. The normalized

a

40
20

0
20

40

Ξn
0.0

0.2

0.4

kBT
0.0

0.5

1.0

Ρ Ρ0

b

40
20

0
20

40

Ξn
0

5

10

y
0.0

0.5

1.0

Ρ Ρ0

FIG. 3. (Color online) (a) The soliton solution ρ in terms of
−40 � ξn � 40 and 0 � kBT � 0.5 MeV for y = 1, with kBT in
MeV. (b) Its behavior with respect to −40 � ξn � 40 and 0 � y � 10
for temperature kBT = 0.05 MeV. We have taken α = 0.1.
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frequency x is calculated from Eq. (18), taking α = 0.1. We
have taken y = 1 for Fig. 3(a) and kBT = 0.05 MeV for
Fig. 3(b).

Figure 3(a) shows how the soliton solution gets wider in
ξn as we increase the temperature, reducing the effect of the
nonlinear corrections in Eq. (17). Eventually the localized
solution becomes effectively a light mode with uniform
amplitude for very large temperatures. Similarly, the solitary
wave also becomes effectively a uniform solution for large
wave numbers.

VI. SUMMARY

We have derived a nonlinear Schrödinger equation for
the spatiotemporal evolution of the complex amplitude of
a circularly polarized electromagnetic wave in a weakly
magnetized pair plasma with relativistic temperatures. We
showed that the nonlinearity vanishes as the plasma gets
unmagnetized or as the temperature T → ∞. This is explicitly
seen in the function Q in Eq. (17) that reflects the nonlinearity
of the Schrödinger equation, and in the maximum growth rate
(24). Both functions decrease as T −5 when the temperature
increases. This effect can also be seen in Fig. 3.

Using the complex modulation representation for the vector
potential �A, we found the modulational instability and the
maximum growth rate in terms of the background magnetic
field and the temperature. We also showed that a soliton
solution is allowed for the modulation. Here the temperature
plays an important role in the structure of the envelope soliton
because as the temperature increases the envelope soliton
gets wider converging to a uniform solution for very large
temperatures.

Our results may contribute to improve the understanding of
physical processes in pair plasmas such as the formation and
evolution of pulsar microstructures [1,32–36].
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