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In this work we propose a new method to decrease the heating time of droplets. Our model considers
the heating process of magnetic nanofluid droplet, which was taken to an ambient atmosphere at
high temperature and with an alternating magnetic field. Analytical solutions were obtained in
systems governed by Brownian and/or low-barrier Néel relaxation �superparamagnetic regime�. The
droplet heating time was shown to scale with the reciprocal of the square of frequency �1 / f2� at the
low frequency regime. The droplet heating time was calculated as function of frequency for different
particle sizes, coating layers, and relaxation mechanisms. © 2010 American Institute of Physics.
�doi:10.1063/1.3489983�

I. INTRODUCTION

Nanofluids consist of liquid carriers containing stably
dispersed nanoparticles. Those systems have several applica-
tions ranging from biomedical, diagnosis, and treatment of
diseases, to technological ones. In the later ones enhancing
heat transport properties of colloids had received great atten-
tion. As for instance, recent experimental results have shown
an anomalous thermal conductivity enhancement by intro-
ducing very small amounts of copper nanoparticles, carbon
nanotubes, magnetite nanoparticles, among other colloidal
particles in the liquid carriers.1–7 In addition, enhanced igni-
tion properties has been found on fuels containing aluminum
nanoparticles.5 Besides better heat transfer properties nano-
particles also act as catalysts and can help on the reduction in
pollutant production.6 Basically, nanofluids are promising
systems to enhance the efficiency of ignition and combustion
of liquid fuels. In the latter case decreasing the fuel droplets
lifetime is crucial.5 The general strategy to achieve this goal
is to decrease the size of the fuel droplets. Another recent
alternative is to introduce small amounts of nanostructures
into the fuel, since higher effective liquid thermal conductiv-
ity decreases the heating time of the droplets.5

In this work we propose another alternative way of de-
creasing the heating time of droplets through the use of mag-
netic nanofluids under alternating magnetic fields. The idea
is to use the magnetic hyperthermia as another source of
heating to enhance the performance of the combustion of
fuels. Magnetic nanofluids are more commonly known in the
literature as magnetic fluids or ferrofluids.8 This system
consists of surface-coated magnetic nanoparticles stably
dispersed in a liquid carrier �polar or non polar fluids�. Since
its first use on the mid 1960s, on the control of the flux
of fuel under microgravity conditions, several others appli-
cations have appeared, as for instance, heat controlled
devices through the use of thermomagnetic convection,
for example, liquid-cooled loudspeakers9 and high power

transformers,10,11 stem cell labeling, and the diagnosis of dis-
eases, since the nanoparticles are good contrast agents for
nuclear magnetic resonance imaging,12 or oncological treat-
ment through the phenomena of magnetic hyperthermia.13,14

Magnetic hyperthermia consists of the increase in tem-
perature of magnetic fluids due to their response to an alter-
nating magnetic field. Through the use of the first law of
thermodynamics, Debye relaxation model and the magneti-
zation equation of motion �M /�t= �M0−M� / tm, Rosensweig8

was able to derive an expression for the nanofluid power
dissipation, which was found to be

P = ��0�0H0
2f

2�ftm

1 + �2�ftm�2 , �1�

with �0 the permeability of free space ��0=4�10−7 N /A2�,
H0 the amplitude of the alternating applied magnetic field, f
the frequency, �0 is the chord susceptibility, �0= �3�i /��
�coth �−1 /��, assumed to be weakly temperature dependent;
where �i is Langevin initial susceptibility ��i

=��0Ms
2V /3kBT, � is the particle volume fraction� and �

=�0MsH0V /kBT, with H=H0 cos�2�ft� and Ms the satura-
tion magnetization of the nanoparticle. tm is the effective
relaxation time, which has two contributions, namely the
Brownian �tB� and the Néel relaxation times �tN�, 1 / tm

=1 / tB+1 / tN. The extrinsic Brownian relaxation time, whose
origin is related to the rotation of the nanoparticle with the
change in the magnetic field orientation, is given by tB

=3�VH /kBT with � the liquid viscosity, kB the Boltzmann
constant, T the temperature, and VH the hydrodynamic vol-
ume of the particle, which consists of the nanoparticle to-
gether with the molecule coating layer, VH=��D+2��3 /6, in
which D and � are the nanoparticle diameter and the coating
layer thickness, respectively. On the other hand, the intrinsic
Néel relaxation time, following Brown’s derivation8,15 for
the low barrier case, is given by tN=	0
 / �1–2
 /5�, for 

�1 in which 
�KVM /kBT. The Néel relaxation time is re-
lated to the rotation of the magnetic moment of the nanopar-
ticle along the anisotropy axis. On the low barrier limit �

�1, i.e., the superparamagnetic limit� one obtains tN=	0
, in

a�Electronic mail: fachini@lcp.inpe.br.
b�Electronic mail: bakuzis@if.ufg.br.

JOURNAL OF APPLIED PHYSICS 108, 084309 �2010�

0021-8979/2010/108�8�/084309/5/$30.00 © 2010 American Institute of Physics108, 084309-1

Downloaded 20 Jan 2011 to 150.163.129.140. Redistribution subject to AIP license or copyright; see http://jap.aip.org/about/rights_and_permissions

http://dx.doi.org/10.1063/1.3489983
http://dx.doi.org/10.1063/1.3489983


first approximation.16,17 It is important to point out that V is
the nanoparticle volume without the coating layer �V
��D3 /6�, and K is the magnetic anisotropy, which is
strongly dependent upon the material, shape and also particle
size.18,19 The process of heat generation in magnetic nano-
fluids under the influence of a magnetic field is due to in part
by the mobility of the nanoparticles inside the fluid and in
part by heat conduction from the nanoparticle to the liquid
carrier.

Figure 1 shows a schematic representation of a nanofluid
droplet under alternating magnetic field during one cycle.
The droplet is represented as a circle with a typical size of
10−5 m, which contains magnetic nanoparticles with diam-
eter on the order of 10−9 m. The nanoparticles magnetic di-
poles try to align with the applied magnetic field. Both
mechanisms, Brownian and Néel relaxation, can be involved
on the magnetic moment rotation. On the other hand, mo-
lecular collisions with the nanoparticles work against dipole
alignment promoting random nanoparticles magnetic mo-
ment orientations. During this process heat is generated.

The Rosensweig model predicts a strong dependence of
the power dissipated on the nanoparticle composition �ferrite
type�, mainly due to different magnetic anisotropy constant
values, viscosity, and nanoparticle size. In some cases the
heating mechanism can be associated to the Néel relaxation,
while in others Brownian mechanism dominates. In fact
some recent experimental results have shown some agree-
ment with the model.20,21 Although, the experimental param-
eter that is compared with theoretical model just considers
the initial slope of the time dependent nanofluid temperature
profile, under alternating magnetic field conditions. Indeed,
as far as we know, the whole temperature profile time depen-
dence has not been explored analytically until now.

II. THEORETICAL MODEL

The problem that we are interested consists of the heat-
ing of magnetic nanofluid droplets under an alternating mag-

netic field. So we consider that the droplet has a characteris-
tic length ā0 �radius� and temperature T0 at the initial
condition �t=0�. Also, the fluid parameters are the boiling
temperature Tb, density l, specific heat cl, and thermal con-
ductivity kl. The magnetic fluid is assumed to be in ambient
atmosphere with density � and temperature T� �the condi-
tions are such that the perfect gas relation holds P�

=R�T��, the gas phase properties are specific heat at con-
stant pressure cp and thermal conductivity kg, which are as-
sumed to have constant values. In addition, the nanofluid has
low volatility, i.e., the vaporization only begins when the
temperature is very close to the boiling temperature �the va-
porization rate ṁ becomes important for T�Tb�. Under these
conditions, the heating process occurs practically with no
change in the droplet dimensions.

In order to handle properly the problem, the liquid phase
energy conservation equation is normalized using the follow-
ing definitions 	� t / tc, x�r / ā0, ��T /Tb. The time tc

��a0
2 / �kg /cp����l /�� is an estimative of the heating time

if only the heat conduction from the gas phase is responsible
for the heating process,22,23 while the initial temperature is
�0. So the dimensionless energy conservation of the liquid
phase can be written as24

��

�	
=

A

x2

�

�x
�x2��

�x
	 + Pm

f2	m

1 + �f	m�2 , �2�

in which A�cpkl /clkg, the dimensionless frequency f

=2� f̄ tm
� �tm

� defined below� and the dimensionless power dis-
sipation term corresponds to

Pm =
�0�0H0

2/2
lclTb

tc

tm
� .

The dimensionless relaxation time 	m� tm / tm
� is given by8,16

	m �
�1 + ���1 – 2
�/5�/���1 – 2
�/5� + 1�

� − �2
�/5�/���1 – 2
�/5� + 1�
,

for 
�/� � 1. �3�

The effective relaxation time tm, defined for the temperature
T, is tm� tNtB / �tB+ tN�, with tm

� the effective relaxation time
determined at the boiling temperature �=1�T=Tb�. The
Brownian relaxation time tB, defined as tB� tB

� /� where tB
�

=3�VH /kBTb, and the Néel relaxation time tN, given by tN

� tN
� �1–2
� /5� / ��−2
� /5�, for 
� /��1 were used in the

derivation of Eq. �3�. The definition of tN
� is tN

�

�	0
� / �1–2
� /5� for 
� /��1 with 
� equals to KV /kBTb.
The parameter � measures the ratio of the Néel relaxation
time tN

� to the Brownian relaxation time tB
���� tN

� / tB
�� and is

expressed by ���	0 / tB
�� / �1 /
�−2 /5�.

For the superparamagnetic case 
��1, the Néel relax-
ation time is expressed by tN�	0
� /�.17 The expression for
the effective relaxation time 	m,sp, considering both mecha-
nisms Néel and Brownian, in the superparamagnetic regime
is found by imposing 
��1 into Eq. �3�, 	m,sp� tm,sp / tm,sp

�

=1 /�, in which the effective relaxation time at boiling tem-
perature ��=1�tm,sp

� is given by tm,sp
� �	0 / �1 /
�+	0 / tB

��. It is
interesting to notice that the � dependence is the same as

FIG. 1. Schematic representation of a magnetic nanofluid droplet under
alternating magnetic field during one cycle.
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considering only the Brownian relaxation process. Finally,
the nondimensional boundary and initial conditions are


 ��

�x



x=0
= 0, x2
 ��

�x



a+
−

kl

kg
x2
 ��

�x



a−
= �l, �

= �0, at 	 = 0, x � a , �4�

where nondimensional vaporization rate � is ṁcp / �4�ā0kg�,
the latent heat l is L / �cpTb� and nondimensional droplet ra-
dius is a� ā / ā0.

In this work, the hypothesis of very low volatile liquid is
considered, therefore the magnetic fluid heating occurs prac-
tically with negligible vaporization ���1�, i.e., no volume
change �a=1�. Also, the magnetic power is considered much
larger than the thermal conduction from the gas phase, so
Pm�1. Therefore, the Laplacian term can be neglected under
this condition. The solution of the dimensionless energy con-
servation equation, in the high magnetic power condition,
considering only the Brownian relaxation time, is

Pm,B	 =
�2 − �0

2

2f2 + ln� �

�0
	 , �5�

with f �2� f̄ tB
� and tm

� = tB
� . At the high frequency limit �f

�1� the temperature evolution is �=�0 exp�Pm,B	�. Under
this condition, the appropriate time scale is 	��Pm,B�−1. On
the contrary, for f �1, low frequency regime, the solution �5�
simplifies to �= ��0

2+2f2Pm,B	�1/2 and the appropriate time
scale 	��f2Pm,B�−1 depends on the frequency. On the other
hand, considering only the low-barrier Néel case, also known
as the superparamagnetic one, the relaxation time 	m,sp for

��1 has the same dependence on the temperature � as
Brownian relaxation time. As a consequence the solution for
Eq. �2� is the same as Eq. �5�, unless by a factor multiplying
the Brownian magnetic power parameter Pm,B,

Pm,sp	 = �Pm,B/��	 =
�2 − �0

2

2f2 + ln� �

�0
	 , �6�

and that f �2� f̄ tN
� , and tm

� = tN
� , instead. Note that so far we

had obtained the solution of both isolated relaxation mecha-
nisms. In addition, the adopted form of presenting the prob-
lem allowed us to write the heating time Pm,i	h as a function
of few parameters: dimensionless frequency f and the ratio
of the magnetic power to the thermal power Pm, both depen-
dent upon the relaxation mechanism. Also, in the present
work, the condition Pm�1 is analyzed. It is important to
point out that this condition implies an uniform heating, ex-
cept in a very narrow zone close to the droplet surface, which
will be studied in a future analysis.

III. RESULTS AND DISCUSSION

We obtained the analytical solutions of the droplet heat-
ing time for several specific cases. Now, we are in position to
analyze those results. Let’s start considering only the viscous
dissipation heat generation, i.e., the case where heating is
governed only by the Brownian relaxation time. In this case
the ferrofluid heating time Pm,B	h as function of the dimen-
sionless frequency f is specified by the Eq. �5� with the con-
dition �=1. Figure 2�a� shows the heating time Pm,B	h as

function of the dimensionless frequency for different initial
temperature conditions �0=0.75, 0.85, 0.95. Note the strong
influence upon the heating time at the low frequency regime,
while at the high frequency range no frequency dependence
is obtained. In fact, for low frequencies, the heating time
Pm,B	h varies as f−2, and for high frequencies, Pm,B	h reaches
a constant value. The influence of the initial temperature �0

is also exposured on Fig. 2�a�, which shows that increasing
�0 the heating time decreases as expected.

On the other hand, the Néel relaxation time for the low-
barrier case, also known as superparamagnetic condition
�
�→0�, has the same temperature dependence as the
Brownian relaxation time �see Eq. �6��. Therefore the heating
time Pm,sp	h varies similarly as Pm,B	h with the frequency. As
a consequence one can use the same figure �Fig. 2�a�� to
represent this situation. The only important thing that should
be noticed is that the dimensionless power dissipation Pm,sp

in this case is different being related to Pm,B according to
Pm,sp= �tB

� / tm,sp
� �Pm,B= Pm,B /�.

Although, dimensionless parameters are excellent for
theoretical analysis, sometimes it is useful to obtain results
considering typical experimental values from the literature.
As for example, on magnetic hyperthermia experiments, usu-
ally, the frequency range investigated is below 1 MHz.
Therefore, we decided to investigate the heating time fre-
quency dependence using those typical ranges. In our simu-
lation we considered a typical maghemite nanoparticle with a
magnetic anisotropy of 4.6 kJ /m3 dispersed in a carrier fluid
with a viscosity value of 0.002 35 kg/ms.8 Figure 2�b� shows
the Brownian heating time Pm,B	h as function of the fre-
quency �hertz� for different particle sizes �3, 5, 7, and 9 nm�.
In the calculation we considered an initial temperature con-
dition of �0=0.75, a fluid boiling temperature of 500 K and a
coating layer thickness of 2 nm. At the low frequency range,
we found that the larger the particle size the lower is the
normalized heating time. However, for frequencies close to 1
MHz the heating time approaches a constant value.

An important discussion about the hyperthermia phe-
nomena is which relaxation process can increase the tem-
perature more efficiently. In order to get into a conclusion
about this point we compared both isolated relaxation
mechanisms. In Fig. 2�c� we show the ratio of the Brownian
heating time to the low barrier Néel one as function of the
frequency for different particle sizes. Interesting at a very
broad frequency range �lower frequencies� the ratio is almost
a constant, while at higher frequency values it start to in-
crease. Also, the ratio was shown to be smaller for lower
particle sizes. More important the theoretical results clearly
show that isolated Brownian heating time mechanism is
more efficient than the Low Barrier Néel one. In addition, in
Fig. 2�d� we show the ratio of the Brownian heating time to
the Low Barrier Néel one as function of the frequency for
different coating layers thickness. Calculations were per-
formed for a particle diameter of 7 nm. At lower frequencies
we found that the larger the coating layer the lower is the
ratio value, while at higher frequencies the opposite was ob-
served �Fig. 2�.

Note that, so far, we had only compared both isolated
relaxation mechanisms, from which we get into the conclu-
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sion that Brownian relaxation is more efficient on heating
magnetic nanofluids at a frequency range below 1 MHz. Al-
though the result is correct in reality one always have both
mechanisms competing. Following, Shliomis25 the effective
relaxation time is 1 / tm=1 / tB+1 / tN. It is not difficult to show
that at the boiling temperature tm

� = tN
� / �1+��. In the

maghemite-based nanosystems analyzed in this work ��
�1�. Therefore the active relaxation mechanism is in fact the
low barrier Néel one. Indeed, a similar conclusion was ob-
tained before by Fortin et al.20 So, unfortunately, the heating
process occurs through the less effective mechanism for this
application. Indeed, the solution of the dimensionless energy
conservation equation, considering both mechanisms, in the
superparamagnetic regime �
��1�, is given by

Pm,ef	 = �1 + ��Pm,sp	 =
�2 − �0

2

2f2 + ln� �

�0
	 , �7�

with the dimensionless frequency f �2� f̄ tm
� . Therefore, we

conclude that the droplet heating time has the same fre-
quency dependence for three cases: isolated Brownian relax-
ation mechanism, isolated low-barrier Néel one and finally
the situation considering both cases together, i.e., Brownian
together with low-barrier Néel relaxation mechanism.

After identifying the heating mechanism of maghemite-
based nanoparticles, it is important to investigate its diameter
dependence. Figure 3 shows the ratio of the effective heating
time of a nanoparticle of size D to the lowest one investi-
gated �3 nm�. In this calculation, we considered the same
particle volume fraction and the Langevin susceptibility. We
found that the larger the particle size the more efficient is the
heating mechanism. Note, that only the ratio is frequency

independent. In fact, one, obviously, still obtain a heating
time scaling with f−2 at low frequencies, while at the high
frequency range it approaches a constant value. Another im-
portant issue is that for larger particle sizes the low barrier
Néel expression is not valid anymore. In this case one should
use the high barrier Néel equation,16,17 which will result on
another theoretical solution for the energy conservation
equation. Such investigation will be performed in the near
future. Nevertheless, the results obtained for the superpara-
magnetic regime �Fig. 2� of maghemite-based nanofluids, at
this particle size range, are in agreement with theoretical and
experimental results from the literature.8,20,21 One should
keep in mind that, different from previous works, our results
corresponds to an analysis of the whole time dependence
temperature profile.

FIG. 2. �Color online� �a� The heating time Pm,B	h considering only the Brownian relaxation mechanism or the low barrier Néel case as a function of the
dimensionless frequency f for three initial temperatures �0=0.75, 0.85, 0.95. �b� Brownian heating time as function of frequency for different particle sizes.
�c� Ratio of the Brownian heating time to the low barrier Néel one as function of frequency for different particle sizes. �d� Ratio of the Brownian heating time
to the low barrier Néel one as function of frequency for a nanoparticle diameter of 7 nm and different coating layer sizes.

FIG. 3. �Color online� Ratio of the effective heating time of a nanoparticle
of diameter D to the lowest investigated �3 nm� is a function of the fre-
quency �hertz�. The theoretical calculations considered the initial droplet
temperature of �0=0.75, a boiling temperature of 500 K, a coating layer
thickness of 2 nm and particle sizes of 3, 5, 7, and 9 nm.
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CONCLUSIONS

In conclusion, we showed that the droplet heating time
of magnetic nanofluids can be decreased with alternating
magnetic fields. A possible application of this phenomenon is
to the combustion of liquid fuels, for example, diesel. There
is, of course, a challenge associated to the viability of apply-
ing such alternating magnetic fields, particularly, high fre-
quency ones. Nevertheless, we found interesting effects al-
ready at the low frequency range. Since there are still some
environmental and efficiency issues, particular with diesel
fuels, such application might be interesting. On the other
hand, the theoretical calculations shown in this paper, might
have other applications, as for instance, on the biomedical
ground, where alternating magnetic fields are being used to
oncological treatment. Indeed, our analytical solutions for
the energy conservation equation, within the whole tempera-
ture profile time dependence, might be extremely useful on
developing nanostructures for hyperthermia applications.
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