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Abstract: - The objective of the present paper is to perform a computational study of the ballistic gravitational 
capture in a dynamical model that has the presence of three bodies. In particular, the Neptune-triton-Spacecraft 
system is considered. This phenomenon is explained in terms of the integration of the perturbing forces with 
respect to time. Numerical simulations are performed to show the trajectories of the spacecraft. There are also 
graphs that has the purpose to obtain the minimum consumption of fuel for space maneuvers. 
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1   Introduction 
 
 
Neptune is the eighth planet of the solar system 
and it is the fourth largest planet in size and it is 
the third largest in terms of mass. It has thirteen 
moons, and the largest is Triton. A temporary 
gravitational capture happens when a spacecraft 
(or any particle with despicable mass) changes 
from a hyperbolic orbit around of a heavenly body 
to an elliptic orbit without the use of any 
propulsive force acting in the system. The force 
responsible for this change in the orbit of the 
spacecraft is the gravitational force of another 
celestial body. In this work it was made a numeric 
study of the gravitational capture.  
The numeric stydy of gravitational capture using 
the restricted problem of three bodies in the 
system Earth and Moon is made in the references 
[1] until [5].  
The mathematical model used to analyze the 
phenomenon of gravitational capture is the 
restricted circular problem of three bodies. In the 
references [6] and[7] we have been describing this 
mathematical model.  
We used as the two primary bodies Neptune and 
Triton. In this text we used the criterion of 
gravitational capture used by [7] and [3]. Then, 
we calculated, using the energy of two bodies, to 
verify if an orbit is or is not of the gravitational 
capture type.  
 

In the reference [8] it is made the study of 
gravitational capture the restricted mathematical 
model of the three bodies elliptic.  
In the reference [9] we have one analyses of 
gravitational capture using the problem of four bodies, 
it is also calculated the varieties capture in [9].  
 
2   Mathematical Models 
 
 
The problem of three bodies with the two hypotheses 
shown below is called restricted circular problem of 
three bodies.  
First hypothesis. It is considered the existence of two 
bodies with significant masses moving in circular 
orbits around the mutual center of mass.  
Those two bodies are called primaries. 
Second hypothesis. The third body has negligible mass 
compared with the primaries. In Figure 1 it is shown 
the motion of the two primaries.  
The goal is to study the motion of a third body, with 
negligible mass, under the gravitational attractions of 
the two bodies with significant mass.  
The planar equations of motion of the space vehicle 
can be written in terms of the canonical system of 
units, that are the units that we obtain by dividing all 
the distances by the distance between the two 
primaries and dividing all the masses by the total mass 
of the two primaries. It is also defined that the angular 
velocity of the primaries is unitary.  
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Figure 1. Move of the two primaries. 

 
In the present paper, the primaries will be 
Neptune and Triton. The masses and distances 
of the Neptune and Triton are: mass of Neptune, 

 kg, mass of Triton, 
 kg. Neptune-Triton distance 

is d = 354670 km.  
Then, the masses of Neptune and Triton, in the 
canonical system of units are: 
 
Mass of Neptune 

0. 

 
Mass of Triton 

. 

The circumferences described by Triton and 
Neptune has radius  and , respectively. 

,  and  are the sidereal 
coordinates of the space vehicle, Neptune and 
Triton  
We have the equations of motion for Neptune in 
the inertial system as: 
 

                                       (1) 

 
The equations of motion for Triton in the inertial 
system is: 
 

                                             (2) 

 
The distance of the space vehicle to Neptune is: 

 

                 (3) 
 

The distance of the space vehicle to Triton is: 

             (4) 
 

Therefore, we have the equations of motion of the 
space vehicle in the inertial system as: 
 

                (5) 

 

 
Figure 2 - Initial position of the three bodies. 

 
We now need to introduce a system of coordinates 
that rotates together with the two primaries (Fig. 3) 
with origin in the center of mass of the primaries and 
with the same angular velocity of them. Be (x,y) the 
coordinates of the space vehicle in this system, also 
called synodic. The equations that convert the 
coordinates of the fixed system for the rotating system 
are: 
 

                               (6) 

 
The coordinates of Triton and of Neptune in this new 

system are given by: , ,  e 

.  

The distance  of the space vehicle to Neptune in this 
new system is: 
 

                                               (7) 
 
The distance  of the space vehicle to Triton in this 
new system is: 
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                                        (8) 
 

The equations of motion of the space vehicle in 
this synodic system are: 
 

 (9) 

 
 

 
Figure 3 Synodic System. 

 
3 Gravitational Capture 

 
 

Figure 4 shows a trajectory that ends in 
gravitational capture. To define gravitational 
capture it is necessary to use some basic concepts 
of the problem of two bodies. We will call  the 
double of the sum of the kinetic and potential 
energy of the problem of two bodies, the space 
vehicle and Triton, that is given by: 

 where  and  are, respectively, 

the distance and the velocity of the space vehicle 
with respect to the Triton, and  is the 
gravitational parameter of the Triton.  
If we consider only two bodies (Triton and the 
space vehicle),  is constant, if only gravitational 
forces are considered. We will describe the orbits 
of the space vehicle for values of  according to 
the classification: (i) If , we have 
hyperbolic orbits, (ii) If , we have 
parabolic orbits, (iii) If , we have elliptic 
orbits.  
We defined  as being the double of the energy 
of the system Triton-vehicle. Unlike what 
happens in the problem of two bodies,  is not 
constant in the bi-circular problem.  

Then, for some initial conditions, the space vehicle can 
alter the sign of the energy from positive to negative or 
from negative to positive. When the variation is from 
positive to negative it is called a gravitational capture 
orbit. The opposite situation, when the energy changes 
from negative to positive, is called gravitational 
escape. 
We describe the numeric methodology below. 
 
1) A Runge-Kutta 7-8 integrator was used, 
programmed in the FORTRAN language. 
 
2) We integrated the equations of motion of the space 
vehicle in the sidereal system. 
 
3) The initial conditions are obtained in the following 
way. We consider the Triton in the origin of the 
system and Neptune with coordinates (-1, 0). The 
starting point of each trajectory is at a distance  
of 100 km from the surface of the Triton. To specify 
the initial position completely it is necessary to know 
the value of one more variable. The variable used is 
the angle α, that is the position of Triton. This angle is 
measured starting from the Neptune-Triton line, in the 
counterclockwise sense, starting from the opposite 
side of Neptune. The magnitude of the initial velocity 
is calculated from the initial value of energy. The 
direction of the velocity vector of the vehicle is chosen 
as being perpendicular to the line that links the space 
vehicle to the center of the Triton, appearing in the 
counterclockwise direction for the direct orbits and in 
the clockwise direction for the retrograde orbits. 
The orbit is considered of capture when the particle 
reaches the distance of 0.26 canonical units from the 
center of Triton in a time smaller than 5 canonical 
units. Figure 4 shows the point P, where the space 
vehicle escapes from the sphere of influence. The 
angle that defines this point is called the angle of the 
entrance position and the Greek letter  is used to 

define it.During the numeric integration the step of 
time is negative, therefore the initial conditions are 
really the final conditions of the orbit after the capture. 
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Figure 4 Initial conditions of the space 

vehicle 
 
 
4   Numerical Results 
All the graphs below are made in the synodic 
system. We will calculate orbits of direct and 
retrograde capture. In Figure 5 we have orbits of 
retrograde captures with the initial conditions 

,  and . The orbit 
in red is for , blue for α =  and green 
for α = . In Figure 6 we have the variation of 
the energy as a function of time, to observe that a 
change of the sign of the energy exists.  

 

 
Figure 5 Retrograde orbits , 

 and . 
 

 
Figure 6 Energy as a function of the time 

 
We defined as the time of gravitational capture the 
instant where there is the change of the sign of the 
energy. The time of gravitational capture is 
approximately 7 and a half days for the orbit  
and approximately one day for the other ones. 
In Figure 7 we have orbits of direct captures with the 
initial conditions ,  and 

. The orbit in red is for , blue for α = 
 and green for α = .   

In Figure 8 we have the variation of energy as a 
function of time, to observe that a change in the sign 
of the energy exists. 

 

 
Figure 7 Direct orbits , 

 and . 
 

 
Figure 8 Energy as a function of the time 

 

ADVANCES in DYNAMICAL SYSTEMS and CONTROL

ISSN: 1790-5117 157 ISBN: 978-960-474-185-4



5  Minimum Value of the Initial 
Energy 
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In this article it was made a computational 
analysis of the gravitational capture for the system 
Neptune-Triton and a space vehicle. We used as 
our model the circular restricted problem of three 
bodies. We calculated trajectories of gravitational 
capture for the direct motion as well as for the 
retrograde motion. It was made the analysis of the 
minimum value of the initial energy of the space 
vehicle that allow us to obtain gravitational 
capture. 
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